MANIFOLDS WITH NONNEGATIVE ISOTROPIC CURVATURE 
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Abstract. We prove that if (A/, g) is a compact orientable locally irreducible 
Riemannian manifold with nonnegative isotropic curvature, then one of the 
following possibilities hold: 

(i) M admits a metric with positive isotropic curvature 

(ii) (M, g) is isometric to a locally symmetric space 

(iii) {M,g) is Kahler and biholomorphic to CP". 

This is implied by the following two results: 

(i) Let [M, g) be a compact, locally irreducible Kahler manifold with non- 
negative isotropic curvature. Then either A/ is biholomorphic to CP" or iso- 
metric to a compact ireducible Hermitian symmetric space. This answers a 
question of Micallef and Wang in the affirmative. 

(ii) Let (M, g) be a compact quaternionic- Kahler manifold with nonnega- 
tive isotropic curvature. Then (A/, g) is a symmetric space. 

The proof is based on the recent work of S. Brendle and R. Schoen on the 
Ricci ffow. 



1. Introduction 

A Riemannian manifold (M, g) is said to have nonnegative isotropic curvature, 
which we denote by Kiso > 0, if 

^1313 + Run + -R2323 + -R2424 — 2i?i234 > 

for every orthonormal 4-frame {ei, 62, 63, 64}. 

This notion was introduced by M. Micallef and J. Moore in [8j where they proved 
that every compact simply-connected manifold with K'^''° > is homeomorphic to 
a sphere. In [5], M. Micallef and M. Wang make a detailed study of manifolds 
with K'^'^° > 0. In this paper, we show that the study of compact manifolds with 
j^iso ^ Q j-(3(;iy(;.Qs j^jjg study of maulfolds with K'''^° > 0. Our main result is the 
following theorem: 

Theorem 1.1. Let [M,g) be a compact orientable locally irreducible Riemannian 
manifold with nonnegative isotropic curvature, then one of the following holds: 

(i) M admits a metric with positive isotropic curvature 

(ii) (M,g) is locally symmetric 

(iii) M is Kahler and biholomorphic to CP". 

This result is based on the classification of Kahler and quaternionic-Kahler man- 
ifolds with K'^"" > 0. In the Kahler case we prove the following result which was 
conjectured by Micallef and Wang in the aforementioned paper. 
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Theorem 1.2. Let (M,g) be a compact locally irreducible Kdhler manifold with 
nonnegative isotropic curvature. Then either M is biholomorphic to CP" or iso- 
metric to a compact irreducible Hermitian symmetric space. 

In the quaternionic-Kahler case we prove 

Theorem 1.3. Let (M,g) be a compact quaternionic-Kahler manifold with non- 
negative isotropic curvature. Then (M, g) is a symmetric space. 

Theorem 11.21 along with the uniqueness (up to scaling) of the Kahler-Einstein 
metric on CP" implies the following: 

Corollary 1.4. Let {M, g) be a compact Kdhler- Einstein manifold with nonnegative 
isotropic curvature. Then (M,g) is isometric to (CP", go) where go is a scalar 
multiple of the Fubini-Study metric . 

Remarks: 

(i) If the dimension of M is odd (which is precisely the case not treated in |9j), 
then either M should admit a metric with Kiso > or (ill, g) should be locally 
symmetric. 

(ii) In Theorem II. 2i the three cases are not mutually exclusive but the following 
remark, the proof of which is in Section 4, is true: 

// (M, g) is a locally symmetric space of nonconstant sectional curvature or if 
(M, g) is Kdhler then M does not admit a metric of positive isotropic curvature. 

(iii) The LeBrun-Salamon conjecture [7] states that a compact quaternionic- 
Kahler manifold with positive scalar curvature must be locally symmetric. Our 
result confirms this under the much stronger assumption of nonnegative isotropic 
curvature. Very recently, R. Kobayashi and K. Onda have announced a proof [6J of 
the full LeBrun-Salamon conjecture. 

(iv) In light of Corollarv ll.4[ one can raise the question whether every compact 
Einstein manifold with Kiso > is locally symmetric. This is known to be true in 
dimension 4 [10]. 

(v) The following result is an easy corollary of the Brendle-Schoen theorems 
mentioned below. The proof of this remark is at the end of this paper. 

Let (A/, g) be a compact Riemannian manifold with K^^° > everywhere and 
j^iso > ai some point. Then M admits a metric with K^'^° > everywhere. 

The proofs of Theorems 11.11 11-21 and 11.31 are based on the fundamental pa- 
pers [3], [4] of S. Brendle and R. Schoen. According to their work, if g{t) is the so- 
lution to Ricci flow begining at a metric g with K''^" > 0, then g{t) has _ftr'*° > for 
all t. Moreover, if P(t) denotes the set of orthonormal 4-frames on which Kiso — 0, 
then, for i > 0, F{t) is invariant under parallel translation by the Levi-Civita con- 
nection of g{t). From this one quickly sees that g{t) either has K"^"" > or g(t) has 
holonomy in U{m) or Sp{m)Sp{l), i.e. {M,g{t)) is Kahler or quaternionic-Kahler. 
One then studies the latter two cases. 

Suppose now that (M, g{t)) is Kahler. If J is the almost complex structure, then 
one knows that F contains all orthonormal frames of the form {e, Je, /, J/}, where 
e, / are real tangent vectors. If these are the only elements of F, then a version of 
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Frankcl's Conjecture due to W. Seaman implies that M is biholomorphic to CP". 
On the other hand, if F has other elements, then we will show that the holonomy 
is a proper subgroup of U{n). Then Berger's theorem will imply that {M,g{t)) is 
symmetric for all small t. Hence so is {M,g). 

If (M , g{t)) is quaternionic-Kahlcr, then one again considers two cases depending 
on the kind of elements in F. In the first case one shows that the second homotopy 
group 7T2{M) — {0}. By a theorem of Salamon this will imply that M is isometric to 
quternionic projective space. In the second case one again shows that the holonomy 
group is a proper subgroup of Sp{n)Sp{l) and hence [M,g) is a symmetric space 
of rank > 2. 

Acknowledgement: The author is very grateful to Simon Brendle for pointing 
out errors in the original draft and to Claude LeBrun for helpful suggestions. 



2. KAHLER manifolds with NONNEGATIVE ISOTROPIC CURVATURE 

This section is devoted to the proof of Theorem 11.21 Let (M, h) be a compact 
Kahler manifold with Kiso > 0. Let g{t), t E [0, e) be the solution to the Ricci flow 
equation with 17(0) = h. For each t > 0, let 

Ft — {(ei, 62, 63, 64)1 i?1313 + i?1414 + P2323 + -R2424 — 2iZi234 = 0}, 

where Ft consists of all (^j-orthonormal 4-frames (61,62,63,64) at all points of M 
with the above property and R denotes the curvature tensor of g{t). It follows from 
the work of Brendle and Schoen that, for t e (0, e), 

(i) gt has Kiso > (Section 2 in 3 ). 

(ii) Ft is invariant under parallel transport by the Levi-Civita connection of gt 
(Proposition 5 in [4]). 

We fix a i > and denote gt by g and Ft by F. Note that by choosing t sufficiently 
small we can assume that g{t) is locally irreducible. Otherwise, g = limt—>og{t) 
would be locally reducible. 

Moreover, since (M, h) is Kahler, so is {M,g). It can be easily checked that for 
a Kahler metric, 4-frames of the form (v, J{v), w, J(w)) € F , for any v,w E TpM 
satisfying g{v, w) = g{v, Jw) — 0. 

The analysis of the Ricci flow splits into two cases, depending on the set F. 

Case I: F does not contain any frame of the form (u, J{u), J{v), v). 

For any p G M, let u,v E TpM with g{u,v) — g{u,J{v)) = 0. As mentioned 
above, by the symmetries of the curvature tensor of a Kahler manifold, we have 
(m, J(u), V, J{v)) e F, i.e., 

(2.1) = Riu,v,u,v) + R{u,J{v),u,J{v)) + R{J{u),v,J{u),v) 
+ i?( J(u), J(w), J{u), J{v)) - 2R{u, J{u), V, J{v)). 

= 2( i?(u, v,u,v) + R{u, J{v), u, J{v) — R{u, J{u), v, J{v)). ] 
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Since {u, J(u), J{v),v) ^ F, we have 

(2.2) < R{u,J{v),u,J{v)) + R{u,v,u,v) + R{J{u),J{v),J{u),J{v)) 
+ R{J{u),v, J{u), v) - 2R(u, J{u), J{v),v). 

= 2^i?(u, V, M, v) + R(u, J{v), u, J{v) + R{u, J{u), v, J{v))^ 

Combining (EH]) and ([Ml, we get 

(**) R{u,v,u,v) + R{u, J{v),u, J{v)) >0 

for every p d M and u,v d TpM with g{u,v) — g{u,J{v)) — 0. This condi- 
tion, sometimes referred to as orthogonal bisectional curvature in the Uterature, is 
precisely the condition (**) on Page 846 of [12] . 

We now state a version of the Frankel Conjecture, foUowing 12 and [9]: 

Suppose {M'^",g) is a compact locally irreducible Kdhler manifold with nonneg- 
ative isotropic curvature and satisfying (**). Then M is biholomorphic to CP". 

Proof. The proof is the same as in the paper of W. Seaman, [1^, except for the 
following changes: 

(1) Since M is Kahler, 62 (A/) 7^ 0. Hence we can apply a result of Micallef-Wang, 
Theorem 2.1 (b) of f9], to conclude that M is simply-connected and h2{M) = 1. 

(2) W. Seaman's version of the Frankel Conjecture, Theorem B of [12], asserts 
the following: 

Suppose {M'^" , g) is a compact Kdhler manifold with nonnegative isotropic cur- 
vature and satisfying (*). Then M is biholomorphic to CP" 

where (*) is the condition that 

Rikik + Run + Rjkjk + Rjljl > 

for all orthonormal vectors e^, ej, e^, e;. A reading of the proof of this result shows 
that {*) is used only to guarantee that b2{M) — 1. The Micallef-Wang theorem 
replaces the condition (*) with the condition of local irreducibility to get b2{M) — 1. 

In the rest of the proof of Seaman's theorem above, only (**) is used: First, this 
is used to establish the holomorphicity of certain harmonic maps (Lemma A on 
Page 847 of [T^. We use a variant of this argument in Lemma [33]) . Second, this is 
used in Page 853 of [12] to establish the positivity of certain line bundles. 

□ . 

Hence we conclude that M is biholomorphic to CP" under the assumptions of 
Case I. 

Case II: F contains an orthonormal frame of the form (u, J{u), J{v), v). 

We claim that the holonomy group of {M,g) cannot be the whole group U{n), 
where n = dimcM . This will complete the proof of Theorem 11.21 by Berger's 
Holonomy Theorem. 

Suppose Hol(M) = U{n). First, complete {u — ei,v — 62} to an orthonormal 
basis {u, J{u), v, J{v), 62, Je2, e„, Je„} of TpM. 
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The fact that {u, J{u), v, J{v)) and {u, J{u), J{v), v) both belong to F gives 
R{u, J{u), V, J{v)) — R{u, J{v), u, J{v)) + R{u, v, u, v) 

+ R{J{u), J{v), J{u), J{v)) + R{J{u),v, J(w), v) = 

which, by the symmetries of Kahler curvature, gives 

(2.3) R{u, J{u), V, J{v)) = R{u, J{v),u, J{v)) + R{u, v, u,v)^0 

We now use the holonomy action of U (n) repeatedly to get a contradiction. First, 
there is an element of U{n) under which 

(2.4) u^^iu~Jiv)), v^^iu + J{v)). 



The equation corresponding to (|2.3p is 

This equation gives 
R{u—J{v), J{u)+v, u + J{v), J{u) — v) 

— R(u, J(m), u, J{u)) + R{u, J(u), u, —v) + R{u, J(u), Jiv), J{u)) 

+ R{u, J(u), J(w), —v) + R{u, V, u, J{u)) + R{u, v, u, —v) 

+ R{u, V, J{v), J{u))+R{u, V, J{v), -v) + R{-J{v), J{u), u, J{u)) 

+ R{-Jiv), J{u), u, -v) + R{-J{v), J{u), J{v), J{u)) + R{-J{v), J{u), J{v), -v) 

+ R{-J{v), V, u, J{u)) + R{-J{v), V, u, -v) + R{-J{v), v, J{v), J{u)) 

+ R{-Jiv), V, J{v), -v) = 

which simplifies to 

(2.5) i?(u, J(u), M, J{u)) + R{v, J{v),v, J{v)) - iR{u, v, u, v) = 0. 
Next, consider the element of U{n) which takes 

(2.6) M^-^(u-w), V ^ ^{u + v). 

Now the simplification of the equation corresponding to (|2.3|) gives 

(2.7) i?(u, J{u), u, J{u)) + R{v, J{v), V, J{v)) - 4i?(u, J(w), w, J{v)) = 0. 



Combining (|27l), UM and gives 
(2.8) 

R{u, V, u, v) — R{u, J(v),u, J{v)) = R{u, J(u), u, J{u)) + R{v, J{v), v, J{v)) = 0. 

Extend {ei — u,e2 — v} to an orthonormal basis {ei, J{ei), 62, J{&2), e„, J(e„)}. 
By considering the element of U{n) which interchanges u and e^, J{u) and J(ei) 
and keeps the other elements of the basis fixed, we see that (e^, J(ei), J{v), v) e F. 
A similar operation on v shows that {a, J{ei),ej, J{ej)) € F for all 1 < i < n, 
i^j. The equations corresponding to (|2.8p are 

(2.9) R{ei,ej,ei,ej) = R{ei, J{ej),ei, J{ej)) 

= R{ei,J{ei),ei,J{ei)) + R{ej, J{ej),ej, J{ej)) = 0. 
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The equations R{ei, J{ei),ei, J{ei)) + R{ej , J{ej), Cj , J{ej)) = for all i ^ j 
clearly imply that R{ei, J{ei),ei, J(ei)) = for all i. Combining this with p.9p 
gives 

n n 

i? = ^ i?(ej,ej,ej,ej) + ^ R{ei, J{ej),ei, J{ej)) = 0, 

where R is the scalar curvature. This is impossible since a scalar flat metric of 
nonnegative isotropic curvature has to be conformally flat. Since g is Kahler, this 
in turn would imply that (M, g) is flat and hence locally reducible. 

This completes the proof of Theorem 1 1.21 □ 

3. Quaternionic-Kahler manifolds with nonnegative isotropic 

curvature 

We first outline the basics of quaternionic-Kahler geometry, following the expo- 
sition in [5]. Let H denote the quaternions and identify M'*" = H" via 

ivi,V2,V3,V4) '^Vi+ iV2 + jV3 + kv4. 

On this space, H acts on the right and this defines an antihomomorphism 

A : {unit quaternions} — s- S0(4n), 

where 50(4^1) acts on the left. Denote the image by Sp{l) and define 

(3.1) Sp{n) ^{Ae SO{4n) \ AB = BA, Be Sp{l)}, 

and Sp{n)Sp(l) to be the product of the two groups in SO{4n). 

Now let {M, g) be a compact quaternionic-Kahler manifold of real dimension 
4n i.e, a Riemannian manifold whose holonomy group is contained in Sp{n)Sp{l). 
It is a fact that M is quaternionic-Kahler if and only if its oriented orthonormal 
frame bundle FM can be reduced to a principal Sp{n)Sp{l) bundle P so that the 
Levi-Civita connection on FM drops down to P. 

Given a frame (e^) G Px, x E M, there is a right action of H on T^M after 
identifying T^M with H" via 

caba vi+ iv2 + jvs + kv4, 

A 

where vi — (ci,..,c„), V2 — (c„+i, .., C2„), etc. Let I,J,K : T^M T^M denote 
the elements in Sp{l) C 50(4n) which correspond to the right actions ofi,j, /c e H. 
Hence, locally, we have almost complex structures /, J and K satisfying IJ = 
— JI = K, JK — —KJ = / and KI = —IK = J for which the Riemannian metric 
is Hermitian. 

For any curvature tensor R , define 

R"'°{X, Y, Z, W) ■.=R{X, Z, X, Z) + R{X, W, X, W) + R{Y, Z, Y, Z) 
+ R{Y, W, Y, W) - 2R{X, Y, Z, W). 

As before, consider Ricci flow beginning at g. Of course, since g is Einstein the 
flow is just given by scaling the metric (This raises the question whether one can 
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derive (m) on Page 2 directly without using the Ricci flow and the results of Brendle 
and Schoen). 

Fix t > and F denote the corresponding set of 4-frames where the isotropic 
curvature vanishes. 

Continuing with the analysis of F, two cases arise: 

Case I: F does not contain an element of the {X, T{X),T{Y), Y) for T = I,J 
or K whenever g{X,Y) = g{X,T{Y)) = 0. Hence R''"'{X,T{X),T(Y),Y) > for 
any such pair {X, Y}. 

We will prove that tt2{M) = {0}. By a result of Salamon [11], this will imply 
that M is isometric to the quaternionic projective space HP". 

Suppose TT2{M) 7^ {0}. Then by the theorem of Sacks and Uhlenbeck, there is a 
stable minimal 2-sphere in M, represented by a conformal harmonic map 

/ : 5^ ^ M. 

We recall the setting for the second variation formula for formulated by 

Micallef and Moore [S]. Let (M, g) be a Riemannian manifold and let E — f*TM® 
C. The Riemannian metric of f*TM extends to a symmetric bilinear form (, ) and a 
Hermitian inner product ((, )) on E. Also, E carries the puUback of the Levi-Civita 
connection on A/, extended complex linearly. This connection is Hermitian with 
respect to ((,)). It is well-known that a Hermitian bundle on a Riemann surface 
S with a Hermitian connection V can be endowed with a holomorphic structure d 
in which a section s of F is holomorphic is and only if 

WjlS = 

as 

in any local holomorphic coordinate z on S. 

Let be a vector space over R with an inner product (, ). As above, extend (, ) 
to a symmetric bilinear form (, ) and a Hermitian form ((, )) on W^C An element 
V £ W C is said to be isotropic ii {v,v) = 0. A 2-plane P C is isotropic if 
every element of P is isotropic. It can be checked that {v,w} spans an isotropic 
2-plane if and only if v and w are linearly independent and 

{v,v) = {w,w) = (v,w) =0. 

Also, Spanc{v,w} is an isotropic 2-plane if and only if there exist orthonormal 
vectors ei, 62, 63, 64 in W such that 

V = M(^ei + \/^e2), w = M(^e3 + 7^e4), 

where the norm is with respect to ((,)). 
In our case W will be TpM or f*TpM. 

Let 

n : f\Ep ^ f\Ep 

denote the complex linear extension of the curvature operator. If v,w,ei, ..,€4 are 
as above, then it can be checked that 

{{TZ{VAW), VAW)) = ||z;f||u;f (61,62,63, 64). 
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Consider 5^ as C U {00} and let Z be the holomorphic vector field which is 
^ on C and at 00. Then f^Z is a holomorphic isotropic section of where 
/* : TS^ (E) C ^ E. It follows from the stability inequality of Micallef and Moore 
that if M has nonnegative isotropic curvature and / is stable then 

(3.2) (( 7^(sA^Z), sAf.Z )) = 0, 

for any holomorphic section s of E such that s and f*Z span an isotropic 2-plane. 

Micallef and Moore also prove that if M is even-dimensional, compact and has 

nonnegative isotropic curvature, then any stable minimal 2-sphcrc / : S*^ ^ M is 
isotropic, i.e., f*TM possesses an orthogonal complex structure T such that 

(i) T is preserved by parallel translation and 

(ii) If 7o is the complex structure on TS"^ and : TS'^ f*TM, then 

(3.3) /*oJo = To/,. 

Wc now assume that (M, g) is quaternionic-Kahler of dimension 4n and has 
nonnegative isotropic curvature, f : ^ M will be a stable minimal surface and 
the assumption on the set F (Case I above) will hold. 

Lemma 3.1. (i) There is a 3-dim,ensional sub-bundle Wq of End{f*TM) which is 
invariant under parallel transport by the Riemannian connection on End{f*TM). 
The complex structure T above is a section of Wq . 

(ii) Let ^0 ''e the line sub-bundle of Wq generated by T. There is a 2- 
dimensional sub-bundle % of Wq which is also preserved by parallel transport and 
such that Wo = ^0 ffi %• 

(Hi) There is a covering of S"^ by open sets {J7,} such that on each Ui, r]o is 
generated by local sections J, K satisfying 

(1) J,K are orthogonal complex structures on f*TM\u. 

(2) TJ = -JT = K, JK= -KJ = T, KT = -TK = J. 

Proof. Let p € and U B p an open set on which there is an orthonormal frame 
field of the form 

{ei, .., e„, T(ei), .., T(e„), e„+i, .., e2„, -T(e„+i), .., -T(e2„)}. 

If we identify f*TM\u with [/ x M^" = J7 x H" via this frame, then T becomes the 
element / of 5*0(471) which corresponds to the action (multiplication on the right) 
of i e 5*^(1) on H". Under this identification, the metric on f*TM and the chosen 
frame get identified with the standard metric and the standard basis of K^" = H", 
respectively. 

(i) follows from the hypothesis that the holonomy of f*TM is a subgroup of 
Sp{n)Sp{l) and the fact that Sp{n)Sp{l) preserves the 3-dimensional vector space 
of endomorphisms of M^" = H" generated by /, J or K. 

To see (ii) and (iii), wc observe that the subspacc of f*TM generated by {J, K} 
is also preserved by parallel transport: Let q £ U and X G f*TqM. There are ci, C2 
and C3 such that 

(3.4) (Vx J)(l^) = ciT(F) + C2 J(y) + csK{Y), 
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for all Y e TqM. Extend y to a neighborhood of q so that 

(v^r), = 0. 

Then 

{VxJUY) = {Vx{J{Y))\. 

Now p.4p gives 

ci5(J(r), J{Y)) = g{Vx{J{Y)),T{Y)) = X{g{J{Y),T{Y))) = 0, 

where we have used the fact that T is parallel in the second equality. Therefore 
Ci = and ^ xJ is a linear combination of J and K. Similarly, so is \I xK. □ 

The endomorphisms T, J, iiT extend to sections (local, in the case of J and K) 
of the complexification End{E) = End{f*TM ® C). If L denotes any of these 
extensions, then 

{3.5)L^ = -Id, iL{v),L{w)) = iv,w), {{L{v), L{w))) ^ {{v,w)), {L{v),v)^0 
for all v,w Cz Ep. 

Let W = Wo (E> C, ^ ^ £,0 (g) C and r/ = 770 «) C. 

Lemma 3.2. W,^ and 77 are holomorphic sub-bundles of the holomorphic bundle 
E. 

Proof. If s is a smooth section of W, ^ or 77, then V^s is again a section of W, ^ 
or 77 respectively. □ 

Lemma 3.3. Let S be a section of rj. If f^Zp is not an eigenvector of S , then 
{S'(/*Z)p, f*Zp)} spans an isotropic 2-plane for each p £ . 

Proof. Locally 

S^aJ + bK, 

for some complex-valued functions a and b. Let v £ Ep he an isotropic vector. 
Then 

{S{v), S{v)) = a^{J{v), J{v)) + b'{K{v),K{v)) + 2ab{J {v) , K {v)) = 0, 

where we have used (j3.5l) . Similarly 

{S{v),v) = a{J{v),v) + b{K{v),v) = 0. 

Hence {f , J(f )} spans an isotropic 2-plane. 

Since f<tZ is an isotopic vector as noted earlier, the lemma is proved by taking 
V = f<tZ above. □ 

Lemma 3.4. There is a holomorphic section S of rj such that Sp — Kp at some 
point p (£ . 

Proof. Since 77 is the complexification of the real bundle rjo, the first Chcrn class 
01(77) — 0. Hence 77 has a nontrivial holomorphic section S. Let U be an open set 
on which we can write S = aJ + bK for some smooth complex functions a and b. 
Note that since 

5-2 = -{a^ + b^)Id, 
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we cannot have + 6^ = on U. Otherwise S"^ = on U. But if -y G £'p is a real 
vector, then 

\\Siv)r = \a\^J{v)r + mKiv)r + abmvlKiv))) + +ab{{Kiv),Jiv))) 

= i\a\'+m\\vr, 

where we have used ((iC(w),J(z;))) = {{J{v), K{v))) = g{J{v),K{v)) =0. 

Hence = = (jap + |6|2)2|j^||2^ which imphes that a = 6 = and hence 

S = 0. Since S is holomorphic, this would imply that = on S^. So suppose 
that a(p)^ + ^ for some p gU. Since T is a parallel section of End{E), TS 
is also a holomorphic section of End{E). In fact, it is a section of 77 since 

TS = T{aJ + bK) = aK-bJ. 

Define a new holomorphic section of 77 by 



a{pf + b{p) 
It is easily checked that Sp — Kp 



□ 



The following lemma asserts that stable minimal spheres in M are holomorphic 
and anti- holomorphic under the curvature conditions of Case (i). The argument is 
essentially from the last paragraph of Page 846 and Lemma A of [H] . 

Lemma 3.5. Suppose that R*''°{X, L{X), L{Y),Y) > at all points p G S^ and 
all X,Y e f*TpM satisfying g{X, Y) = g{X, L{Y)) = whenever L ^ T,J or K. 
Then there is a point p at which 

L{f*Z)p — zh-\/— T f^,Zp. 

Proof. By ([33), 

((7^(sA^Z), sAf^Z)) = 0, 

if s is any holomorphic section for which s and /*Z span an isotropic 2-planc. Hence 
we can apply Lemma l3.3l to conclude that the above equation holds for s = S{ft:Z), 
for any holomorphic section of 77. 

Now consider the section S and point p of Lemma 13.41 Let w ~ {f^Z)p and 
Ep = f*TpM (g, C. We can write Ep = £;^^'°' eI°'^\ where E^^'^^ , E^p'^'^) are 
the eigenspaces of K for the eigenvalues -s/— T, — T respectively. 

Suppose that w is not an eigenvector of K. We write w = w' + w" as the sum of 
non-zero (1,0) and (0, 1) parts. Since w is also isotropic, we can find orthonormal 
61,62 e f*TpM such that g{ei,K{e2)) = and 

- 61 - if(ei), V2-^^e2 + V^K{e2). 
Ik II Ik II 

Since w A K{w) — — 2\/^^ w' A w" , we have 

(( n{w A K{w)), w A K{w) )) = 4(( n{w' A w"), w' A w" )) 
= ||u;'||2||7«"f (i?-°(ei, -if (ei), e2, Kie^))) 
= \\w'f\\w"f{R''%e,,K{e,),K{e2),e2)) > 0. 
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This contradiction with ()3.2p completes the proof. □ 

The final step in the proof that there cannot be a stable minimal 2-sphere in M is 
to observe that the conclusion of Lemma 13. 51 contradicts (|3.3p . Noting that I^Zp = 
Zp and using (|3.3p . we have w = f*Zp = —\J~^ f*{IoZp) = — \/— T T[f^Zp) — 
— T{w). Hence w is eigenvector for T as well as K and we get 

T{w) = ±K{w) ^ J{w) = TU', 

which contradicts = — /rf. This completes the proof. 

Case II: There is a point p e M, X,Y £ TpM and L e {I,J,K} such that 

(x,L(x),L(r),F)eF. 

The following two facts will be needed in our computations, the second of which 
is a theorem of D. V. Alekseevskii [T]: 

(i) The curvature tensor of the canonical metric on quaternionic projective space 
(HP", go), normalized to have sectional curvatures lying between 1 and 1 /4, is given 

(cf. m) by 
(3.6) 

4i?o(^, Y)Z = go{X, Z)Y - g^{Y, Z)X + 2g^{I{X),Y)I{Z) 

+ go{I{X), Z)I{Y) - goiHY), Z)I{X) + 2g^{J{X),Y)J{Z) + ga{J{X), Z)J{Y) 

- go{J{Y), Z)J[X) + 2go{K{X),Y)K{Z) + go{K{X), Z)K{Y) - go{K{Y), Z)K{X) 



(ii) The curvature tensor of any quaternionic-Kahler metric can be decomposed 

as 

(3.7) R^{^)Rq + Ri, 

where S and 5*0 are the scalar curvatures of R and i?o respectively, Rq is the 
curvature tensor in (|3.6p and Ri has the formal properties of a curvature tensor 
whose holonomy lies in Sp{n), i.e., is hyper-Kahler. Note that S has to be constant 
since g is Einstein. 

For convenience rescale g so that S/Sq = 1. 

Lemma 3.6. Let {X, I{X),Y, I{Y)} C TpM be an orthonormal set and 
e{X, Y) g{J[X), Yf + g{K{X),Yf. 

We then have 

(i) R'^°{X, I{X),Y, I{Y)) = 4e(X, Y). 

(ii) If R''"'{X,I{X),I{Y),Y) =0, then 
Rr{X,I{X),I{Y),Y) = -R^,'°{X,I{X),I{Y),Y) = -2{1 + e{X,Y)). 

(Hi) If R'''°{X,I{X),I{Y),Y) ^0, then 

i?i(x,/(x),y,/(r)) = -i(i + e(x,r)). 
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Proof. (i) This foUows from the decomposition (j3.7|) after noting that Ri 
behaves hke the curvature tensor of a Kahler manifold with respect to the almost 
complex structures I,J,K and hence 

(3.8) RriX,I{X),YJ{Y))^0. 
On the other hand (|3.6p gives 

(3.9) RaiX, y, X, Y) = i?o(/(^), Y, I{X), Y) - i?o(X, I{Y),X, I{Y)) 
= R^{I{X), I{Y),I{X),I{Y)) = i(l + 3e(X, Y)) 

and 

(3.10) Ra{X,I{X),Y,I{Y)) = 1(1 - e{X,Y)). 
Combining these, we get 

W'°{X,I{X),Y,I{Y))^Rl'"{XJ{X),Y,I{Y))^Ae{X,Y). 

(ii) Since i?*''°(X, /(X), I{Y),Y) = 0, we have 

(3.11) i?r(^, ^(^), ^(i"), n + ^r(^, ^(^), = 0. 

(|3lT|l . ((3^ and ((3?T0)) combine to give 

(3.12) i?r(^, I{X),I{Y), Y) = -i?r(^, ^(^), ^(n, Y) = -2e{X, Y). 

(iii) Noting that i?i is a Kahler curvature tensor, (|3.8p and (|3.12[) give 
i?i(X, /(X), r, I{Y)) = ^{R'^^X, I{X), Y, I{Y)) + R'^^iX, I{X), I{Y),Y)) 

(3.13) =-i(l + e(X,y)). 

□ 

We continue with the analysis of Case II. The following facts will be repeatedly 
used: 

(*) Sp{n) acts transitively on the unit sphere in M^". This action commutes 
with the action of /, J and K. 

(*) In the Alekseevskii decomposition i? = i?o + ^^i, J?i is a Kahler curvature 
tensor for /, J and K. In particular, _Ri is Ricci-flat. 

We claim that the holonomy group of M has to be a proper subgroup of Sp{n)Sp{l). 
Suppose that it is the whole group Sp{n)Sp{l). 

Assume, without loss of generality, that i = / in the condition of Case II. For any 

V S TpM , denote the underlying real subspace of the quaternionic line containing 

V by 

Ly := SpariR {v, I{v), J{v), K{v)}. 
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First we consider the case Y e V^. Let Z be any unit vector in V^. We can 
find a linear transformation L : TpM TpM satisfying 

L{Y) = Z 

L{u) = u on Vx- 

which belongs to Sp{n). Hence {X, I{X), I{Z), Z) € F and (Hi) of Lemma [3.61 
implies that Ri{X, I{X), Z, I{Z)) = -i for aU Z e V^. Taking Z = J{Y) and 
using the fact that Ri is invariant under J as well, we get 

RiiX, I{X), Y, I{Y)) = I{X), J{Y),K{Y)) 

(3.14) = Ri{X,I{X),~Y,I{Y)) = ~Ri{X,I{X),Y,I{Y)). 

Hence we get Ri{X, I{X),Y, I{Y)) = 0, which contradicts Ri{X, I{X), Y, I{Y)) = 

_i 

2 • 

Therefore we can assume that Y = v + w with v G Vx and w G Vj^ ■ We 
will show that Ri will then have constant positive holomorphic sectional curvature, 
which contradicts the fact that i?i is Ricci-flat. 

We have 

= R"'°{X, I{X),I{Y),Y) = R"'"{X, I{X), I{v) + I{w),v + w) 

(3.15) ^R''''{X,I{X),I{v),v) + R''°{XJ{X)J{w),w) + f{w), 

where / : TpM ^ M is a linear functional depending on R and X . We can find an 
element L g Sp{n) satisfying 

L(w) = —w 

L{u) = u on Vx- 

From the fact that {X,I{X),LI{Y),L{Y)) e -F, we get the following equation 
corresponding to (|3.15p : 

(3.16) R''"{X,I{X),I{v),v) + W'°{X,I{X),I{w),w) - f{w)=0. 
Adding ([XTB]) and ([XT5)) we get 

R""'{X,I{X),I{v),v) + R''°{X,I{X)J{w),w) =0. 

More generally if z e Lj^, we can find an element L € Sp{n) with L{w) = z and 
L{X) = X. By repeating the above argument with z in place of w, we get 

R'^°{X,I{X),I{v),v) + ff^°(X,/(X),/(z),z) = 0. 

Since R}f°{X,I{X),I{z),z) — for any z G L^, the above equation along with 
{in) of Lemma 13.61 implies that 

(3.17) 4i?i(X, /(X), z, /(z)) = ^(^), ^(^), ^) - I{X), I{v),v) 
is independent of z. This implies, as in (|3.14p . that 

(3.18) i?i(X,/(X),z,/(z)) = 
for any z E V-^ . Combining this with (|3.17p . we get 



(3.19) 



i?-°(X,/(X),/(«),t;) =0. 
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Rescale v so that ||w|| = 1. Since g{X,v) = g{I{X),v) = and v E Vx, we then 
have e{X,v) = g{J{X),v)^ + g{K{X),vf = = 1. Hence ([339]) and (m) of 
Lemma 13.61 imply 

Ri{X,I(X),v,I(v)) = -l. 

This imphes the fohowing: Since v — aJ{X) + hK{X) for some a. G M (with 
a2 + 62 = l), 

-1= Ri{XJ{X),v,I{v)) = -{a'' + h')Ri{XJ{X),XJ{X)) 

Let u G TpAf be an arbitrary unit vector. There is a L G Sp{n) such that 
L{X) = u. Note that e := e{L{X),L{v)) = e(X, w) for any L G Sp{n). Since 
i?*'*°{L(X),L/(X),L/(?;),L(u)) = R'-'"'{u, I{v)JL{v), L{v)) = 0, the reasoning in 
the above paragraph gives Ri(u^ lu, u, lu) = 1. Hence Ri has constant holomorphic 
sectional curvature 1. This contradicts the fact that Ri is Ricci-flat. 

Hence the holonomy is a proper subgroup of Sp{n)Sp{l). 

4. The classification theorem 

We now outline the proof of Theorem 12.21 Let (M, g) be a compact manifold of 
nonnegative isotropic curvature. Let g{t), t £ [0,(5) denote the solution to Ricci 
flow with g(0) = g. By [3], g{t) has nonnegative isotropic curvature. As before, for 
sufBciently small t, g{t) will be locally irreducible. We fix such a t and denote g{t) 
by g for now. Suppose g does not have strictly positive isotropic curvature. Then 
F ^ 4). This implies that Hol°{M,g) + So{n). Suppose Hof{M,g) = SO{n). 
Let (ei, 62, 63, 64) G F. If (/i, /2, /a, /4) is any orthonormal frame, then we can find 
an element of SO{n) which takes 6i to /i, i = 1 to 4. Hence by the invariance of 
F under parallel transport, every orthonormal 4-frame would be in F. Since the 
scalar curvature can be expressed as the sum of isotropic curvatures, this implies 
that R = and also that g is conformally flat. We can assume that this holds for 
all sufficiently small t. From the evolution equation for R under Ricci flow, 

^ = AR+\mc\^ 
at 

we can assume that Ric — 0, as well. Hence g would be flat, contradicting local 
irreducibility. 

If (M, g) is not locally symmetric, then iJoZ° would have to be either U{m) or 
Sp{m)Sp{l), with m equal to ^ or j, respectively. The other possibilities for Hol^ 
in the Berger Holonomy theorem can be ruled out since they would again lead to 
scalar flatness or local symmetry. 

In case Hol^ = U{m), the full holonomy group Hoi — U{m) or Hoi ~ C/(m)xiZ2. 
This is because Hoi is contained in the normalizer of Hol'^ in 0(n). If Hoi = 
U{m) XI Z2 then a 2-fold cover M equipped with the pull-back metric g is Kahler. 
Theorem 11.21 applied to M implies that either M is biholomorphic to CP" or (M, g) 
is symmetric. The former case is ruled out since CP" can cover only a nonorientable 
manifold. In the latter case, since {M,g) is locally isometric to {M,g), we can 
conclude that {M,g) is locally symmetric. If Hoi ~ U{m), then {M,g) is Kahler 
and again Theorem 11.21 can be applied. 
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If Hof = Sp{m)Sp{l), then again Hoi = Sp{m)Sp{l) or Hoi = Sp{m)Sp{l) xi 
Z2. The same argument as above (after mvoking Theorem II. 3|) yields that {M,g) 
is locally symmetric. This completes the proof of Theorem 12.21 

Next, we prove Remark (ii) of Page 2: First, by the results of [9] or [12], if (M, h) 
has positive isotropic curvature, then H'^{M,M.) = {0}. Hence M cannot admit a 
Kahler metric. Suppose that there is a locally symmetric metric g on M. Note 
that M admits a metric of positive scalar curvature (namely h) , (M, g) will have 
to be a symmetric space of compact type. In particular (M, g) is Einstein with 
positive scalar curvature. By the Bonnet-Myers theorem M has finite fundamental 
group and hence the universal cover M is a compact manifold. The Micallef- Moore 
theorem applied to {M, h) implies that M is homeomorphic to a sphere. Hence the 
locally symmetric metric g would have to be of constant positive sectional curvature. 

Finally we prove Remark (iv) on Page 2: Suppose K^''° > on M and K'^''°{p) > 
for some p E M . With notation as above, if F{g{t)) is not empty, i.e. if g{t) does 
not have A'"*° > 0, then by the invariance under parallel transport of F{g{t)), there 
is a 4-frame at every point of AI for which = 0. Hence we get a time dependent 
4- frame (ei(t), 62 (t), 63 (i), 64 (i)) at p for which K'^'^° = 0. We can choose a sequence 
of times as i — > 00 for which the corresponding sequence of frames converges 
to an orthonormal frame on (M, g) . This frame will satisfy iir**° = contradicting 
if > at p. □. 

References 

[1] V. Alekseevskii, Riemannian spaces with exceptional holonomy groups, Functional Anal. 
Appl. 2 (1968), 97-105. 

[2] A. L. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgcbictc 10, 
Springer, 1987. 

[3] S. Brendle, R. Schoen Manifolds with 1/4-pinched Curvature are Space Forms, 
arXiv:0705^0766 

[4] S. Brendle, R. Schoen Classification of manifolds with weakly 1/4-pinched curvatures, 
arXiv:0705.3963'i 

[5] B. Chow, D. Yang, Rigidity of nonnegatively curved compact quaternionic- Khler manifolds, 
J. Differential Geom. 29 (1989), 361-372. 

[6] R. Kobayashi, K. Onda Ricci flow unstable cell centered at a Kahler- Einstein metric on the 
twistor space of positive quaternion Kahler manifolds of dimension > 8, arXiv:0801.2605 

[7] C.R. LcBrun, S.M. Salamon Strong rigidity of positive quaternion- Khler manifolds. Invent. 
Math. 118, (1994), 109-132. 

[8] M. Micallef, J. Moore Minimal two-spheres and the topology of manifolds with positive cur- 
vature on totally isotropic two-planes, Ann. of Math. (2) 127 (1988), no. 1, 199-227. 

[9] M. Micallef, M. Wang Metrics with nonnegative isotropic curvature, Duke Math. J. 72 (1993), 
no. 3, 649-672. 

[10] M. Noronha, Self-duality and A-manifolds with nonnegative curvature on totally isotropic 

2-planes, Michigan Math. J. 41 (1994), no. 1, 3-12. 
[11] S. Salamon, Quaternionic Kahler manifolds. Invent. Math. 67 (1982), no. 1, 143-171. 
[12] W. Seaman, On manifolds with nonnegative curvature on totally isotropic 2-planes, Trans. 

Amer. Math. Soc. 338 (1993), no. 2, 843-855. 
[13] Y.-T. Siu, S. -T. Yau Compact Kahler manifolds with positive bisectional curvature, Invent. 

Math 59 1980, 189-204. 

DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF SCIENCE, BANGALORE 560012, INDIA 
E-mail address: harishOmath. iisc.ernet . in 



